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Motivation

2. Integrable systems.
» Nonlinear differential equations.
> Integrable systems has a special property’: Involution of
charges

{Hn,Hpn} =0.

> Solitons (kink®, breathers®, e.g., Peregrine!®, Akhmediev'!;
Peakons!2.)

» There is an integrable system that encompasses well known
equations, e.g., KdV, MKdV, NIS and sG equations, whose
name is AKNS system?3.

7Dunajski, 2009.

8Drazin and Johnson, 1989.
gAblowitz, Kaup, Newell, Segur, 1973. N
10 Peregrine, 1983. "
1:lAkhmediev, Ankiewivz, Taki, 2009.

12Camassa. Holm, 1993.
1
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Objectives

(a) General objective: Provide a gravitational framework to study
the AKNS system.

(b) Particular objectives:

» Study the integrability of the AKNS system.

» In the context of AdS3 general relativity, review the role of
boundary conditions.

» Impose boundary conditions to the gravitational field.

Study the consistency of the boundary conditions.

» Recover an associated metric from the boundary dynamics.
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The AKNS system

Equating order by order in £, we obtain a set of equations from the
coefficients associated to the n—th power of the spectral
parameter: That is, a set of recurrence relations,

Al =pCp, — rBy,
By = *%BZ — pAn,
Crtr = 5Ch = A,

By =Cy =0,

with dynamic equations

p: _BﬁV_szNa

7= —C}V—FQT’AN i
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According to the obtained recurrence relations, it is possible to
construct the first terms A,,, B, and C,,,

1 1
Ado=1, A1=0, Ay=—cpr, Agzz(plr—pr/)7
1 1 1
By=0, B;=-— By = —p'. Ba= —p? Lon
0 ) 1 D, 2 2p7 3 2p r 4p )
1 1 1
Co=0, Ci=-r, Cop= _57“/, C3 = 519?“2 - Zr”
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Several well known integrable equations arise as particular cases of
the above construction. For N = 1 we obtain the chiral boson

equation,
p="r,
r=r.
For N = 3,
- 3 / 1 " . 3 / ]' nmn
D= 2ppr+4p , = 2p7’7’ +4r ,
where, if » = —1, we obtain, in particular, the KdV equation,
. 3 / 1 1"
p= 2pp + 4]7 ,

while, for p = —r, the MKdV equation

-_32/ Ly,
p—2pp+4p.
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For N = 2,

1 1
S 2. N N, /i
p=pr 2pa r br +2Ta

we get the (Wicked rotated) nonlinear Schrodinger equation
» The Sine-Gordon equation is also included in this framework,
however, negative powers of £ must be included in the
expansion in order to make it apparent.
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Following recursive methods, AKNS realized that the system has
infinite conserved charges,

1
=~ [dopr, Hy=7 [do (5r—pr),
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The AKNS system may be written as a bi-Hamiltonian system!4
i R R
7? _ D, N+1) _ Dy N+2 7
P Pn+1 Pn+2

where

Dy — ( —2r9, " (r+) 8¢+2r6( (§9 )), D2:<0 —2>7

3¢ + 2p8 ( ) —2p0 2 0
and SH 5H
Rn = n’ n = n?
or P op
with
n—1
An - 9 Hru Bn = Rn+17 On = F'n+1,

Ty, 1989.
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Furthermore, the conserved charges are related by the following
recursion formula

RnJrl - Rn o
Dy =D, ., n=1,23,...
PnJrl Pn

As a consequence of the former, the charges of the AKNS system
are in involution, namely,

H,={H, H,} =0, n=1,23,...
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AdSs5 general relativity
In the vacuum and with negative cosmological constant, general
relativity can be described in terms of two copies of the
Chern-Simons action®®

I =Ics[AT] = Ies[AT],

where the gauge field A* = Afdt + Adp + A} dg is spanned in
the Lie algebra g = g4+ + g—, where g1 denotes the two
independent copies of si(2,R) whose generators for the two copies

are
00 -1/2 0 0 —1
+ _ + + _
Ll_(l 0>’L0_(0 1/2>’L1_<0 0>’

where the si(2,R) algebra is

[LE LE] = (n— m) Lyt (1
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The connection splits as A = AT + A~, where

Aizw:l:%

with e® = ej;dx* the vielbein and wj;dz" the spin connection. The
action is

ToslA*] = ﬁ / <Aﬂ[dAi + §Ai3> ,

and Ft = dA* + A% = 0.
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Hamiltonian formalism

Consider the 2 + 1 splitting Ai (AE A;t) In components, the
action reads

k .
IH = 47‘( dtd2$ € <A;EA;|: - A?ZFZ:]‘:> )
where F; = 8,-.,4;-: — 0jAF + [A;t, Aﬂ We can see that A is a

Lagrange multiplier and Fg a constraint of the theory.
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k
+_ v A:I: A:I: )
3B %ﬁmdth ) ¢>

Hence, we must specify Ati(t, p — 00, ¢) and Ajf(t,p — 00, ¢),
in order to integrate the surface term.
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Boundary term

Before proceeding, it is convenient to gauge-away the radial
dependence. When A* transforms as,

a® =bi' (d+ AF) by,

+pLE

the choice by (p) = e*P*~0 captures completely the radial

dependence, yielding

aj: = 07 a?: = (I?:(t, ¢)7 (l(:; = ai:(u d))
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Boundary conditions

The boundary conditions are

agy = F2 Lo — pLey + 17 Ly,
1
af = Z(—QAiLo + B¥Li1 F CFL4),

where p* = pT(t, ¢) and r* = r*(t, $) are the fields carrying the
boundary dynamics of the theory, AT = A*(t, ¢), B* = B*(t, $)
and C* = C*(t, ¢) are polynomials functions on &* that has to be
specified.
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Thus, the zero-curvature equation of motion
ft:; = 8taf§ — dpai + [af, adﬂ =0,
yields the AKNS system (but in the Chern-Simons formulation)
+7E 4 = g (C"jE T AE — 2£iCi) =

+pt 4 = ; (B’i +2pFA* 4+ 265 BF) =0,
A/ _pici +riBi = 0.
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1. Boundary term
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Consistency of boundary conditions

The above construction provides a complete framework to address
the question whether the boundary conditions are suitable!®

1. Boundary term
k

N
ko[ dt = n_»
;‘B—gﬂ/znz:f Hn1,

which integrates the surface integral in the action, yielding a
well-defined principle.

1®Regge and Teitelboim, 1974.
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Consistency of boundary conditions

2. Asymptotic symmetries. They correspond to the family of
infinitesimal gauge transformations,

da = dA + [a, A].
In order to find them, consider a general gauge parameter
A=-2aLy+ BLy —~vL_;.
The angular component of the transformation
dag = OpA + [ag, A], = Orap = Opar + [ag, ai

yields equations analogous to the AKNS system.
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where M is a positive integer and labels an infinite family of
permissible gauge transformations.
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Dt 5= D Ry =3 P
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Consistency of boundary conditions

As a result, the functions a, 5 and ~y are

M M M
Z ngM ", B= Z R €M™, = Z P &M,
m=0 m=0

where M is a positive integer and labels an infinite family of
permissible gauge transformations. Hence, the infinitesimal
transformation of the fields r and p are

6r = —y +2ran,  Op = —By — 2pan.
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Consistency of boundary conditions

3. Algebra of charges: The first class constraint must be
suplemented by a boundary term in order to make it
differentiable!”

QI = 5§ do (Aday)
pP—00

k X M—-m
= QA= M Hpn .
m=0

It is possible to prove that the algebra of charges is

{Q[AL QIA]} = 0.

1"Regge, Teitelboim, 1973; Bafiados, 1996.
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Consistency of boundary conditions

AdSs general relativity is trivial from the bulk perspective. Thus,
the dynamical content will be captured by boundary conditions and
holonomies.

The holonomy in the angular coordinate is
M* =Tr <Pexpj{d¢a$>
= 2cosh (27r (£%)2 +p5tr(j)c> ,

where p* = > pEei® and v =3 rEein?.
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M?* = 2cosh (27r\/ (£*+)? +p§rf)t) )

What does represent the previous result, physically? According to
[Martinec, 1998],

» If M* < 2, the configuration represent classical particle
sources, inducing conical singularities.

> M* > 2 typifies black hole solutions.
» M* =2, leads to extremal black holes configurations.

Remarkably, the three above configurations are attainable.
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Consistency of boundary conditions

It is important to say that any solution of Einstein’s equations in
three dimensions with a negative cosmological constant
corresponds to a spacetime of constant negative curvature.

Thus, its geometry coincides locally AdSs3. The only difference
resides in its global properties'®.

8Bafados, Henneaux, Teitelboim and Zanelli, 1993.



Construction of the metric

We can recover the metric,

= 5 (4] = 47 (45 - 47)).
In ADM coordinates
ds® = —N2dt? + ~;;(N'dt + dz*)(N? dt + dx?),

with ¢ = p, ¢, we obtain
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the lapse function

the shift vectors
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Construction of the metric

where the auxiliary functions QF and w™ are defined as

2 2
QiEBi—ﬁC@, wizpi+—2r¢,
p p

with ¢ the AdSs3 radius.

1
9Ablowitz, Kaup, Newell, Segur, 1973.



Construction of the metric

where the auxiliary functions QF and w™ are defined as
0 0
QiEBi—ﬁC@, wizpi+—2r¢,
p p
with ¢ the AdS3 radius. The Einstein equations

1 1
R;w - 59;“/3 - ﬁg,ul/ =0,
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Construction of the metric

where the auxiliary functions QF and w™ are defined as
0 0
QiEBi——QC';, wizpi+—2r¢,
p p
with ¢ the AdS3 radius. The Einstein equations

1 1
R;w - ig,uuR - ﬁg,ul/ =0,

reduces to the AKNS system®®.

1
9Ablowitz, Kaup, Newell, Segur, 1973.
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Conclusions

1. We studied the integrable system known as AKNS system.

2. We studied its spacetime geometrization in 2 + 1 dimensions,
i.e., we constructed a bonna fide action principle, we found its
asymptotic symmetries, we computed the algebra of charges
and we proved that gravitational configurations, such as black
holes, are attainable.

3. Further work must be done, such as thermodynamics, higher
spins extensions, Hamiltonian reduction, etc.
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Thank you for your attention!
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